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It is unknown whether a BIB design with parameters (22,33, 12,8,4) exists or 
not. In this paper, a necessary condition for the block structure of BIB designs 
is given. Using this necessary condition, it is shown that the intersection numbers 
{n<} for any block in any BIB design with parameters (22, 33, 12, 8,4) must be one 
of the four types shown in Table I if the BIB design exists. It is also shown that 
if there exists a BIB design with parameters (22,33, 12, 8,4), the BIB design must 
contain at least one block of Type 1 or 3 in Table I. 
1. INTRODUCTION 
Let X be a finite set of points (called treatments) and let g = {Z& : i E Z} 
be a family of not necessarily distinct subsets Z3i (called blocks) of X. The 
pair (X, 99) is called a balanced incomplete block (BIB) design with para- 
meters (29, b, r, k, A) if 
(a) 1 X 1 = v, 1 Z [ = b, and 1 & 1 = ,? for every i E Z, 
(b) every point x in X is contained in exactly r blocks of a, 
(c) every pair {x, JJ} C X is contained in exactly A blocks of a, where 
~ A 1 denotes the cardinal&y of the set A and ~7, b, r, k, and A are positive 
integers such that 2 < k -c v. 
lt is unknown whether a BIB design with parameters (22, 33, 12, 8, 4) 
exists or not. In this paper, a necessary condition for the block structure of 
BIB designs is given. Using this necessary condition, it is shown that the 
intersection numbers {Q} for any block in any BIB design with parameters 
(22, 33, 12, 8, 4) must be one of the four types shown in Table I (Q = 0 
for i > 5) if the BIB design exists where nt denotes the number of blocks 
which intersect the given block Z3 in i treatments. 
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TABLE I 
‘We no “1 Fh no % 
1 0 0 12 16 4 
2 0 1 9 19 3 
3 0 2 6 22 2 
4 1 0 6 24 1 
It is also shown that if there exists a BIB design with parameters (22, 33, 
12, 8, 4), the BIB design must contain at least one block which is of Type 1 
or 3. 
2. A NECESSARY CONDITION FOR THE BLOCK STRUCTURE OF BIB DESIGNS 
Let N = 11 nij 11 (i = I, 2 ,..., u, j = 1, 2 ,..., b) be the incidence matrix 
of a BIB design with parameters (a, b, r, k, A) where Q~ = 1 or 0 according 
as the &h point is contained in the jth block Bj or not. It follows from the defi- 
nition of a BIB design that 
NNT = (r - A) Zu + AGv , 
NJb = rJtI , NTJV = kJb, 
where IV is the unit matrix of order 21, GV is the a x u matrix whose entries 
are all unity, and JV is the column vector of order v whose elements are all 
unity. 
The following theorem plays an important role in proving the main 
Theorem 4. I. 
THEOREM 2.1. Let N be the incidence matrix of a BIB design with para- 
meters (u, b, r, k, A) and let &, = NTN. Then Sb (= 11 sag 11) must be a b X b 
symmetric matrix satisfying the following conditions: 
(i) Q’S are integers such that 0 < se0 < k and sua = k, 
(ii) SbJb = rkJb ; i.e., &I sEj = rk for every a, 
(iii) Sba = (r - A) &, + AkzGb ; i.e., 
for any integers E and/3 such that 1 < CX, p < b. 
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Proo$ It is obvious that (i) is valid. It follows from (2.2) that 
SbJb = jViVJb = W(rJV) = rkJb . This shows that (ii) is valid. Using (2.1) 
and (2.2), we have 
Sbz = (W’N)(WN) = W(NW) N = (r - A) $, + AkzGb. 
This completes the proof. 
THEOREM 2.2. Let & = WA’ and let X~(LX) (0 < i < k) be the number 
of entries saB (/3 # CX) in the ath row of &, such that se0 = i. Then x~(cY)‘s must 
satisfy the following three conditions: 
(4 i$ i(i - 1) xi(a) = k(k - l)@ - 1), 
for every IX, = 1, 2 ,..., b. 
Proo$ It is obvious that (a) is valid. Since 
and 
we have the required result from Theorem 2.1. 
Let BSM(a, b, r, k, A) be a set of b x b symmetric matrices 11 saO 11 which 
satisfy the three conditions in Theorem 2.1. Then we have 
THEO~M 2.3. For any matrix &, in BSM(v, b, r, k, A), Ct defined by 
Ct = r(r - A) It + AkGt - r& (2.3) 
must be positive semidejinite for any positive integer t (< b), where SC is a 
princ@al minor (of order t) of Sb . 
Prooj Since Ct is a principal minor of Cb , it is sufficient to show that 
C, is positive semidefinite. Using vr = bk, A(0 - I) = r(k - 1), and the 
conditions in Theorem 2.1, we can show that 
C,,2 = {r(r - A) I0 + AkGb - rSb}2 = r(r - A) Cb . 
Since C, is symmetric and r(r - A) > 0, this shows that Cb is positive semi- 
definite. This completes the proof. 
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COROLLARY 2. I. For any matrix S,, in BSM(v, b, r, k, A), every nondiagonal 
element sMfl of Sb must be a nonnegative integer such that 
-(r - A - k) < sEO < {2Ak + r(r - A - k)}/r. (2.4) 
This result is due to Connor [l]. 
3. THE BLOCK STRUCTURE OF BIB DESIGNS WITH PARAMETERS (22,33,12,8,4) 
THEOREM 3.1. The intersection numbers {nJ for any block in any BIB 
design with parameters (22, 33, 12, 8, 4) must be one of the nine types shown 
in Table ZZ (q = 0 for i > 6) ij” the BIB design exists. 
TABLE II 
I2 16 
9 19 
6 22 
6 24 
3 25 
11 i9 
8 22 
0 28 
3 27 
Proof Let N be the incidence matrix of a BIB design with parameters 
(22, 33, 12, 8,4) and let WN = 11 Sag 11. Then it is easy to see that 
S mD = 1 Ba n BD 1 and the intersection number ni for the &h block Bz is 
equal to xi(a). 
From Theorem 2.1 and Corollary 2.1, it follows that 0 < sm6 < 5 for 
any integers a and /3 such that a # fl. This implies that xG(cx) = 
q(cY) = ... = 0 for any a, i.e., nL = 0 for i > 6. Hence it follows from 
Theorem 2.2 that 
From these equations, we have 
3n0 + nl + nd + 3nb = 4. (3.2) 
Since ni’s are nonnegative integers, it follows from (3.2) that (n,, , n5) = (0, O), 
(I, O), or (0, I). Hence we have the required result from (3.1) and [3.2). 
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4. NONEXISTENCE OF BLOCKS WHICH ARE OF TYPE 5, 6, 7, 8, OR 9 
LEMMA 4.1. Let S = 11 saB 11 be uny matrix of BSM(22, 33, 12, 8, 4). ?%en 
the foilowing equation 
jzB Cstij - 3XsBj - 3l z= 7 - 2sd3 (4.1) 
must hold for any integers cx and t!I such that 1 < a, /3 < 33. 
Prooj From (ii) and (iii) in Theorem 2.1, it follows that 
where the summations are taken over all integers j such that j # a, /3 and 
1 < j < 33. Hence we have (4.1). 
LEMMA 4.2. There is no block of Type 6, 7, or 8 in any BIB design with 
parameters (22, 33, 12, 8, 4). 
ProoJ Suppose that there exists a block Ba of Type 6 or 7 in a BIB 
design with parameters (22, 33, 12, 8, 4). Then there is an integer p (# a) 
such that sUO = 5. Applying Lemma 4.1 to the ath row and the /Ith row of 
S, we have 
j& c% - 3)(% - 3) = -3. (4.2) 
On the other hand, it follows from Theorem 3.1 that 
which contradicts (4.2). Hence there is no block of Type 6 or 7. 
If there exists a block BW of Type 8 in a BIB design with parameters 
(22, 33, 12, 8, 4), it follows from Lemma 4.1 that 
jgB Csd - 31tsBj - 3l = 5 (4.3) 
for some integer /3 such that Sag = 1. On the other hand, it follows from 
Theorem 3.1 that (Saj - 3)‘s are even for any integer j such that j # LY, /3. 
This implies that the left-hand side of (4.3) must be even, which contradicts 
(4.3). Hence there is no block of Type 8. 
LEMMA 4.3. There is no block of Type 9 in any BIB design with parameters 
(22, 33, 12, 8, 4). 
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Proox If there exists a BIB design with parameters (22, 33, 12, 8, 4) 
which contains a block of Type 9, it follows from Theorem 3.1 that there 
exists the incidence matrix N such that 
N=(J7 ; ‘1 y ), (4.4) 
where N1 (=z 11 n$il) is a 7 x 30 matrix and Jt is the t-vector whose elements 
are all unity. 
Let rni be the number of integers /3 such that xzz1 &/ = j. Then 
From these equations, we have 
3m0 + ml + rnd + 3m5 = - 1. (4.5) 
On the other hand, the left-hand side of (4.5) must be a nonnegative integer 
since mi’s are nonnegative integers. This contradicts (4.5). Hence there is 
no block of Type 9. 
In order to prove that there is no block of Type 5 in any BIB design with 
parameters (22, 33, 12, 8, 4), we prepare the following two lemmas. 
LEMMA 4.4. Let N = [N,, : NJ be the incidence matrix of a BIB design 
with parameters (ZJ, b, r, k, A) and let WN = 11 saB 11, where NO (= 11 n$ 1:) 
is a v x t matrix and t is a positive integer. Then 
(4.6) 
for any integer j such that 1 < j < t - 1. 
ProoJ Let mi be the number of integers a such that & n$’ = j. 
Then we have the following equations: 
go h = kt, i and x iarni = JtTN,,TN,,Jf. 
GO 
Since JTNoTNoJt = kt + 2x, it follows from the above equations that 
go(i-j- l)(i -j)m; = j(j+ 1)v - 2jkt + 2x (4.7) 
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for any integer j such that 1 < j < f - 1, where x = xrsm<tst srm . Hence 
we have (4.6) from (4.7) because the left-hand side of (4.7) must be a non- 
negative integer for any integer j. 
LEMMA 4.5. Let S = 11 sfj 11 be any matrix in BSM(z, b, r, k, A) und let 
x = ax - a0 where aj is the jth column vector of S. Then 
xTJb = 0, XTX = 2(r - A)(k - s&J (4.8) 
and 
xT(ay - 3Jol = @ - ~NL - GA (4.9) 
for any integers et, /I, and y. 
ProoJ Since 
x’J~ = x ~ej - z Soj and XTX ZE 1 S2.j + z 2Sl.j - 2 1 SmjSflj , 
1 j j j j 
it follows from Theorem 2.1 that (4.8) is valid. Similarly, we have (4.9). 
LEMMA 4.6. There is no bioik of Type 5 in any BIB design with parameters 
(22, 33, 12, 8, 4). 
Proox Suppose that there exists a BIB design with parameters 
(22,33, 12,8,4) which contains a block of Type 5. Without loss of generality, 
we can assume that the first block B1 is of Type 5 and 1 B1 n Bj [ = 1 for 
j = 2, 3, 4, i.e., 
(4.10) 
where N0 is the indicende matrix of 22 treatments and 4 blocks 
VI , & > & 3 Bd> i.e., N = [N,, : N1]. Let & = NoTN0 and 
(4.11) 
Then it follows from Theorems 3.1 and 2.3 (the latter is essentially-due to 
Connor [I]) that u, b, and c must be integers such that 1 < a, b, c < 3 
since 1 Cs I < 0 if a = 4. Applying Lemma 4.4 to (4.10) as 0 = 22, k = 8, 
j = 1, and t = 4, we have a + b + c > 7. Since we can assume without loss 
of generality that u < b < c, (a, b, c) must be either (1, 3, 3), (2, 2, 3), 
(2, 3, 3), or (3, 3, 3). If (a, b, c) = (1, 3, 3), (2, 3, 3), or (3, 3, 3), it is easy 
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to see that 1 C* 1 < 0. This implies that (a, b, c) # (1, 3, 3), (2, 3, 3), (3, 3, 3), 
i.e., (0, b, c) = (2, 2, 3). Let 
aIT = (8, I, 1, I; bIT), 
asT = (1, 2, 8, 3; bsT), 
aaT = (I, 2, 3, 8; bdT), 
and y = bI - bz, where aiT is the ith row vector of NTN (= 11 sED 1~). In 
order to prove Lemma 4.6, it is sufficient to show that there is no set 
{a1 , as , aa] of vectors aI , as , a4 which satisfy the conditions in Theorem 2.1. 
It follows from Lemma 4.5 that 
yTJz, = 3, yTy = 9, and yT(ba - 3Jm) = 7. (4.12) 
Let yT = (JV~ , ,..., y.J. Then = - for j = 1, 2 ,..., 29. Since JJ~ yj ~i,~+~ s~,~+~ 
2 < sl,j+d < 4 ad 1 < < 4 for j, 0 < 1 1 < 2 if (~i,~+~, ~,j+4 any yj 
Q+~) # (4, 1). If there exists an integer j such that (s~,~+~ , s~,~+~) = (4, l), 
NTN must contain the following matrix: 
8 1 4 
s3= t I 8 1 1 4 I 8 
as a principal minor of NTN. But it is impossible because 1 C3 1 < 0. Hence 
0 < 1 .Vj 1 < 2 for any j. So we can express yTy as 
YTY = ly .vj - x yj + #Ii : 1 yc i = 2} X 2. 
?ij>O !lj‘-O 
Since xj ~1~ = 3 and yTy = 9, we have 
gzoyj = -3 + #{i : ~ yi 1 = 2}. 
> 
From (4.13) and the last equation of (4.12), it follows that 
(4.13) 
where m = +-{i: 1 JJ~ [ = 2}. Since 1 < s~,~+~ < 4 for any j, this implies that 
#{j: s~,$+~ = I or 4} > 4. (4.14) 
On the other hand, it follows from Theorem 3.1 that 
#{j: s~,~+~ = 1 or 4} < 3, 
which contradicts (4.14). Hence there is no block of Type 5. 
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Summarizing the above results, we have the following theorem: 
THEOREM 4.1. There is no block of type 5, 6, 7, 8, or 9 in any BIB design 
with parameters (22, 33, 12, 8, 4). That is, the intersection numbers {q} for 
any block in any BIB design with parameters (22, 33, 12, 8, 4) musf be one 
of the four types shown in TabIe I if the BIB design exists. 
Let D be any BIB design with parameters (22, 33, 12, 8, 4) and let mJD) 
be the number of blocks of Type i for i = I, 2,3,4. Then it is easy to see 
from Table 1 that md(D) must be even. SimiIarly, mz(D) must be even if 
there is no block of Type 3 in design D. Since xtz1 mi(D) = 33, we have the 
following theorem: 
THEOREM 4.2. If there exists a BIB design with parameters (22,33, 12,8,4), 
the BIB design must contain at least one block of Type 1 or 3. 
It is conjuctured that there is no BIB design with parameters 
(22, 33, 12, 8, 4). 
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